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A graph state and a graph code respectively are defined based on a mathematical simple
graph. In this work, we examine a relation between a graph state and a graph code
both obtained from the same graph, and show that a graph state is a superposition of
logical qubits of the related graph code. By using the relation, we first discuss that a
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1 Introduction
A graph state is a stabilizer state by a stabilizer group, the generators of which are defined by
a mathematical graph [1–3]. A graph state has been studied in the various field of quantum
information science. First, a graph state plays a prominent role in the design of a codeword
stabilized (CWS) quantum code [4]. The error-correcting performance of the code depends
on the graph state. A graph state itself is sometimes referred as an [[n, 0, d]] self-dual graph
code [5]. Second, a special type of graph states, a cluster state, is a universal resource for
an one way quantum computer [2, 6, 7]. This quantum computer solves a computational
problem by performing continuously single qubit measurements on a cluster state with an
appropriately chosen measurement basis. Third, one important study about stabilizer states
is the local unitary (Clifford) equivalence between stabilizer states. Since it is well known that
an arbitrary stabilizer state can be transformed into a graph state by local Clifford operations,
the study can be simplified as the local unitary equivalence between graph states [3, 8]. In
addition to these motivations, a graph state can be applicable for secret sharing [2, 9].
In Ref. [10], Schlingemann and Werner showed that a quantum error-correcting code can
be constructed based on a mathematical graph and the graph-based quantum code called a
graph code belongs to stabilizer codes. In addition, they discussed that the error-correcting
ability of a graph code can be easily verified by solving linear equation established by a
given graph. In the follow-up study [11], Schlingemann showed that it is possible to realize
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a stabilizer code as a graph code. How to transform a stabilizer code into a graph code were
independently discussed in Refs. [12,13]. On the other hand, the practicality of a graph code
for a fault tolerant quantum computing has been very low because to date a graph code has
not almost been described by using the standard stabilizer formalism [14] based on a Pauli
group (or equivalently a symplectic group).
In this work, we investigate a relation between a graph state and a graph code both
obtained from the same graph. In some literature, a graph state is also referred as an
[[n, k = 0, d]] self-dual graph code [5], but in this work we clearly distinguish both. If logical
information can be embedded (k > 0), then it is a graph code. Otherwise (k = 0), it is a graph
state. We believe that a graph state and a graph code defined by the same graph have a close
relationship. The method we employ is a teleportation-like encoding of a graph code [15],
which consists in encoding logical information into a graph state by preparing an initial state
that is a tensor product of ancilla qubits and a graph state, applying some Clifford operations,
measuring the ancilla qubits and applying additional Clifford operation conditioned on the
measurement outcome. From the investigation, we show that a graph state is a superposition
of logical qubits of the related graph code. By using this relation, we first discuss that a local
complementation that is a special Clifford operation acting on a graph state can be useful for
searching locally equivalent stabilizer codes. Second, we provide how to find a stabilizer group
of a graph code. If a graph code can be written with a stabilizer formalism, its utilization for
a fault tolerant quantum computing does not seem awkward anymore.
The rest of this paper is organized as follows. In section 2, we review a graph state and a
graph code. The description about a local complementation is also included in this section.
In section 3, we investigate a relation between a graph state and a graph code both defined
by the same graph. In section 4, we describe how to use a local complementation for graph
codes. In section 5, we discuss how to find a stabilizer group of a graph code. We finally
conclude this paper in section 6.
2 Preliminaries
2.1 Graph state and local complementation
A graph state is a stabilizer state by a stabilizer group, the generators of which are defined
by a mathematical graph. A vertex and an edge between vertices of a graph correspond to
a qubit and a quantum interaction between qubits, respectively. Given an n-vertex graph G
(or equivalently an adjacency matrix Γ(G)), stabilizer generators for the graph state |G〉 are
defined as
Kj = σ
j
x
∏
b∈Nj
σbz, (1)
where j = 1 ∼ n and Nj is the set of vertices that are adjacent to the vertex j. Note that σjx
is a Pauli-X operator acting on the qubit j, and σbz is similarly defined. A graph state |G〉
then is common +1 eigenspace of all these stabilizer generators,
Kj|G〉 = |G〉, for j = 1 ∼ n. (2)
A graph for a graph state is usually a simple graph that has no self-loops at a vertex and
no multiple edges between two vertices. In addition, all the edges have the same weight. A
graph with edges of multiple weights can be considered for a non-binary graph state [2]. In
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Fig. 1. (a) A ring graph of length 5, R5. (b) A quantum circuit to construct a graph state |G〉,
where G = R5.
this paper, we deal with only a simple graph for a binary graph state (and a binary graph
code), and therefore do not use the term “binary” if there is no confusion.
A construction of a graph state is very straightforward. The application of Controlled-Z
(CZ) gates to an input state initialized as |+〉⊗n completes the construction [2]. Note that
|+〉 = (|0〉+ |1〉)/√2. The arrangement of CZs is associated with the adjacency matrix Γ(G)
of a given graph G,
|G〉 =
( n∏
i,j=1
(CZi,j)Γ(G)[i,j]
)
|+〉⊗n, (3)
where CZi,j is a CZ gate acting on a control qubit i and a target qubit j. Note that
CZ|i〉|j〉 = (−1)i·j|i〉|j〉. Fig. 1 shows a ring graph of length 5, R5, and a quantum circuit to
construct the graph state |G〉 of R5. The quantum state at the rightmost of Fig. 1 (b) is the
resulting graph state.
A local complementation is a graph transformation τv(G) such that the subgraph induced
by a vertex v, G[Nv], is exchanged by its complemented graph G[Nv]
c while the other part of
the graph remains unchanged [16],
τv(G) : G[Nv] 7→ G[Nv]c. (4)
Note that G[N ] is a subgraph of G, which is induced by a vertex set N . The graph trans-
formation can be represented by a matrix computation in terms of the adjacency matrix of a
given graph [17] as
τv(G) = Γ(G) + Γ(G)vΓ(G)
T
v + Λ, (5)
where Γ(G)v is the v-th column vector of Γ(G) and Λ is a diagonal matrix to make τv(G)[j, j] =
0 over j = 1 ∼ n. Fig. 2 shows the transformed graph from R5 of Fig. 1 (a) by the local
complementation at vertex 1.
Surprisingly for the graph operation τv(G) working on a graph G, there exists a local
Clifford operator Uv(G) acting on the graph state |G〉 [1, 2, 13],
Uv(G) =
√
−iσ(v)x
∏
b∈Nv
√
iσ
(b)
z , (6)
where i is the imaginary number, i2 = −1. Note that√±iσj for j = x, z, y is the pi/4-rotation
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Fig. 2. A graph transformed from R5 by the local complementation at vertex 1, τ1(R5).
operator about the x, z, y axis, and its matrix form is represented as√±iσj = e±ipi4 σj = cos(pi
4
)
I ± i sin(pi
4
)
σj , (7)
where
σx =
(
0 1
1 0
)
, σz =
(
1 0
0 −1
)
, σy =
(
0 −i
i 0
)
, (8)
and I is the identity matrix of size 2×2. As an example, the local Clifford operator for τ1(R5)
is expressed as
U1(R5) =
√
−iσ(1)x
√
iσ
(2)
z
√
iσ
(5)
z . (9)
By a local complementation Uv(G), a graph state |G〉 is transformed into a locally Clifford
equivalent graph state |G′〉,
|G′〉 = Uv(G)|G〉, (10)
which is by definition a graph state by the graph G′ that is transformed from G by τv(G). As
a consequence, it is believed that by applying successive local complementations to a graph
state |G〉, one can find a complete set of local Clifford equivalent graph states of |G〉 [13].
2.2 Graph code
In Ref. [10], a graph code is constructed by a graph and a finite abelian group. The authors
described a graph code as an isometry from input information qubits to output physical
qubits, and the isometry is defined as an integral over both qubits. Each qubit is associated
with a vertex of a graph. In this work, we review a graph code in terms of a graph structure
only because we focus on a binary graph code based on the abelian group F2.
At the beginning of this work, we mentioned that we would investigate a relation between
a graph code and a graph state both derived from the same graph. However, the mention is
half correct and half not, because a graph for a graph code is not exactly same as that for a
graph state. As mentioned above, a graph code is defined by an isometry from information
qubits to physical qubits, and therefore a graph for a graph code has to represent the isometry
by itself. Which means that a graph for a graph code consists of two distinct vertex sets, Vin
and Vout, of the orders k and n. To conclude, an (n+ k)-vertex graph is required to design a
graph code that corresponds to an [[n, k, d]] stabilizer code while an n-vertex graph defines a
graph state. Note that even though vertices are classified into two sets, a connection between
two vertices in the set Vout is allowed, namely, the graph is not bipartite.
What we mentioned at the beginning therefore means a relation between a graph code and
a graph state where the graph state is defined by the subgraph induced by Vout of a graph
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Fig. 3. The extended graph of the ring graph R5 with one input vertex (unfilled vertex), k = 1.
Since the input vertex is connected to all the other vertices, a logical information in the input
vertex is spread out over all the output qubits.
for the graph code. Throughout this work, we indicate that a graph for a graph state is the
induced subgraph by Vout of the graph for a graph code. To avoid any confusion in graphs,
we call an n-vertex graph a normal graph denoted by G, and an (n + k)-vertex graph an
extended graph denoted by GExt. Note that in Ref. [18], the authors use the term “extended
graph” to indicate a graph for a graph code, which is exactly the same as our extended graph.
An extended graph for a graph code can be given in the beginning [10], or can be found
from a given normal graph [12]. How to derive a graph state (therefore a graph) from a
stabilizer code, described independently in Refs. [12, 13], are almost the same: applying local
Clifford operations and an invertible linear operation to the stabilizer code. Note that prior
to the application of these operations, a [[n, k, d]] stabilizer code has to be transformed to a
related [[n, 0, d]] stabilizer code by measuring additional k commuting operatorsb.
Given a normal graph G, the adjacency matrix of the extended graph GExt is described
as
Γ(GExt) =
(
0 B
BT Γ(G)
)
, (11)
where Γ(G) is an adjacency matrix of G. The matrix B of size k × n shows connections
between k input vertices (qubits) and n output vertices (qubits), namely if B[i, j] = 1, then
the vertex vini is connected to the vertex v
out
j , where v
in
i ∈ Vin and voutj ∈ Vout. As indicated
in Refs. [12, 18], B and Γ(G) are orthogonal, B · Γ(G) = 0. Fig. 3 shows an extended graph
from R5 whose B matrix is (1 1 1 1 1). This graph defines a [[5, 1]] graph code that performs
an encoding by spreading 1-qubit logical information in the input vertex 0 over all the output
vertices.
3 A relation between a graph state and a graph code
In this section, we investigate a relation between a graph state and a graph code. To this
end, we first show how to encode a logical information with a graph code, which is achieved
by a teleportation-like method that consists of preparing an initial state, applying CZ oper-
ations, performing measurements, and applying additional Clifford operation conditioned on
the measurement outcome [15]. The initial state is a tensor product of k information qubits
and a graph state we constructed with a given normal graph G.
|ψ〉init = |c1 · · · ck〉 ⊗ |G〉, (12)
bThese additional k operators have to commute with the existing n−k stabilizer generators. The usual choice
for them are k logical Z operators.
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Fig. 4. The encoder of a graph code associated with R5. The input state of the lower 5 qubits at
the leftmost is the graph state of R5.
where |c1 · · · ck〉 = Xc11 · · ·Xckk |0 · · · 0〉. Note that Xi is a Pauli X operator acting on the i-th
qubit. After the applications of H gates on the ancilla qubits, CZ gates according to the
matrix B, and again H gates on the ancilla qubits in series, one measures the ancilla qubits.
|ψ〉final =
(
H⊗k ⊗ I⊗n
)
· C˜Z ·
(
H⊗k ⊗ I⊗n
)
|ψ〉init, (13)
where C˜Z is
C˜Z =
∏
i,j
(CZi,j)B[i,j], (14)
over 1 ≤ i ≤ k and 1 ≤ j ≤ n, and |ψ〉final = |m1 · · ·mk〉 ⊗ |φ〉. Since the matrix B shows
connections between input vertices and output vertices, the application of C˜Z introduces
quantum interactions between input qubits and output qubits. If the measurement outcome
|m1 · · ·mk〉 is |0 · · · 0〉, then the quantum state |φ〉 corresponds to a logical qubit |c1 · · · ck〉L.
Otherwise, one has to apply X¯m11 · · · X¯mkk to |φ〉 conditioned on the measurement outcome
|m1 · · ·mk〉, where X¯j is a logical X operator of the related graph code. As an example, Fig. 4
shows an encoding circuit of the graph code we derived from R5. The matrix B in this case
is B = (1 1 1 1 1) as mentioned before.
Let us examine each step of the encoding process we have shown with an assumption
k = 1. Here we suppose that the information to encode is |0〉, and a graph state |G〉 is
arbitrary. The initial quantum state then is |0〉 ⊗ |G〉. After the applications of H and CZ,
the quantum state will be
1√
2
(
|0〉|G〉+ C˜Z|1〉|G〉
)
. (15)
Since CZ1,j|1〉|G〉 equals to |1〉Zj|G〉 for j > 1, the above state can be written as
1√
2
(
|0〉|G〉+ |1〉Z˜|G〉
)
, (16)
where
Z˜ =
n∏
j=1
(
Z(j)
)B[j]
. (17)
After the application of H again, the state will be
|0〉
(I + Z˜
2
)
|G〉+ |1〉
(I − Z˜
2
)
|G〉. (18)
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The logical zero qubit |0〉L therefore is
|0〉L =
(I + Z˜
2
)
|G〉. (19)
Since the operator (1 + Z˜)/2 is the projector onto the +1 eigenspace of Z˜, one can say that
|0〉L is a superposition of the observables of |G〉, which belong to the +1 eigenspace of Z˜.
Since by definition a Hermitian Pauli operator that squares to +I has eigenvalues +1 and −1
only, the other observables that will be projected onto the −1 eigenspace of Z˜ compose |1〉L.
As a consequence a graph state |G〉 is a superposition of the logical qubits |0〉L and |1〉L of
the graph code,
|G〉 = |0〉L + |1〉L. (20)
Let us denote a logical Z operator of a graph code by Z¯. Then,
Z¯|G〉 = |0〉L − |1〉L. (21)
From Eqs (20) and (21), (1 + Z¯
2
)
|G〉 = |0〉L. (22)
By a comparison with Eq. (19), we can say that Z¯ is equivalent with Z˜, namely the operator
Z˜ that derived from the matrix B corresponds to the logical Z operator Z¯ of a graph code.
To conclude, when k = 1, a graph state is a superposition of logical qubits of the relevant
graph code, and the logical Z operator Z¯ is defined by the matrix B.
What happens when k > 1 ? Without loss of generality, we show the case of k = 2. From
the matrix B of size 2× n, one obtains the following operators
Z˜i =
n∏
j=1
(
Z(j)
)B[i,j]
, (23)
for i = 1, 2 and j = 1 ∼ n. Suppose that we encode a logical information |00〉. The initial
state then is a tensor product of |00〉 and an arbitrary graph state |G〉. By the applications
of H gates on the ancilla qubits, Z˜i according to the ancilla qubits |ci〉, and again H gates
on the ancilla qubits, the initial state is transformed into the following state
∑
c1,c2
|c1, c2〉
(I + (−1)c1Z˜1
2
)(I + (−1)c2Z˜2
2
)
|G〉, (24)
where c1, c2 ∈ {0, 1}. If the measurement outcome, performed on the ancilla qubits, is |00〉,
then the quantum state (I + Z˜1
2
)(I + Z˜2
2
)
|G〉 (25)
corresponds to the logical qubit |00〉L. The logical qubit |00〉L is a +1 common eigenspace of
all Z˜is from the observables of |G〉. If the measurement outcome is |m1,m2〉, then controlled
logical X operator
∏
X¯mii should be applied to find |00〉L. This means that one can find
|c1, c2〉L by projecting the graph state |G〉 with a projector
2∏
i=1
(I + (−1)ciZ˜i
2
)
. (26)
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even though one prepared the initial state |00〉 ⊗ |G〉.
From the cases k = 1, 2, we can say that a quantum state |0 · · · 0〉|G〉 is transformed into
∑
c1,··· ,ck
|c1 · · · ck〉
k∏
i=1
(I + (−1)ciZ˜k
2
)
|G〉, (27)
by the applications of Hs, Z˜s, and again Hs. After performing measurements on the ancilla
qubits, if the measurement outcome is |c1 · · · ck〉, then the quantum state of the unmeasured
qubits corresponds to |c1 · · · ck〉L. If necessary, applying controlled logical X operators con-
ditioned on the measurement outcome completes finding a certain logical qubit.
By applying the argument made in the case k = 1, one can say that Z˜i is the i-th logical
Z operator Z¯i of a graph code. Therefore, in the remainder of this work, we will denote it by
Z¯i if there is no confusion. To conclude, a graph state |G〉 is a superposition of logical qubits
of the related graph code,
|G〉 =
∑
c1,··· ,ck
|c1 · · · ck〉L. (28)
When a logical information |0 · · · 0〉 is given in the beginning, one can find the logical qubit
|c1 · · · ck〉L from the measurement outcome |c1 · · · ck〉 after the applications of operations.
|c1 · · · ck〉L =
k∏
j=1
(I + (−1)cj Z¯j
2
)
|G〉. (29)
4 Local complementation for a graph code
In the previous section, we showed that a graph state is a superposition of logical qubits of
the associated graph code, |G〉 =∑ |c1 · · · ck〉L. Therefore, a local complementation proposed
for a graph state can be applied to a graph code. To be exact, the transformation operation
is applied to a graph state, and then the transformed graph state is projected to a logical
qubit of the related graph code.
Let us assume that two graph states |G1〉 and |G2〉 are local Clifford equivalent under
a local complementation transformation, U(G1)v|G1〉 = |G2〉. Let us denote the associated
graph code of the graph state |Gi〉 by CGi . From the relation
Uv(G1)
(∑
|c1 · · · ck〉C1L
)
=
∑
|c1 · · · ck〉C2L (30)
one can read that the logical qubits of CG1 and CG2 are local Clifford equivalent because Uv(G1)
is composed of several single qubit Pauli operators (See Eq. (6)). Note that |c1 · · · ck〉CiL is a
logical qubit of a graph code CGi .
The relation between the logical qubits, |c1 · · · ck〉C1L and |c1 · · · ck〉C2L , should be described
through a local complementation transformation between graph states as
|c1 · · · ck〉C1L → |G1〉 → |G2〉 → |c1 · · · ck〉C2L . (31)
As an example, we show the transformation from |0 · · · 0〉C1L to |0 · · · 0〉C2L . The first step
|0 · · · 0〉C1L → |G1〉 can be done via the applications of H gate and controlled logical X gates
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of the graph code CG1 . The initial state is a tensor product of ancilla qubits |+〉⊗k and the
logical qubit |0 · · · 0〉C1L ,
|φ〉init = |+〉⊗k|0 · · · 0〉C1L (32)
=
∑
ci∈{0,1}
|c1 · · · ck〉|0 · · · 0〉C1L . (33)
After applications of controlled-X¯i conditioned on the ancilla qubit ci, the initial state is
transformed into
|φ〉mid = X¯c1···ck |φ〉init (34)
=
∑
|c1 · · · ck〉|c1 · · · ck〉C1L . (35)
After the application of H gates to the ancilla qubits again, one measures the ancilla qubits.
|φ〉final =
(
H⊗k ⊗ I⊗n
)
|φ〉mid (36)
=
∑
|m1 · · ·mk〉
k∏
j=1
Z¯
mj
j |G1〉, (37)
where |G1〉 =
∑ |c1 · · · ck〉C1L . If the measurement outcome is |0 · · · 0〉, then the unmeasured
state will be the graph state |G1〉. Otherwise, the controlled logical Z operator Z¯j has to be
applied according to the measurement outcome mj.
Thereafter, |G1〉 is transformed into |G2〉 by the local complementation Uv(G1), and |G2〉
is projected to |0 · · · 0〉C2L of the graph code CG2by the projection as
|0 · · · 0〉C2L =
k∏
j=1
(I + Z¯j
2
)
|G2〉, (38)
where |G2〉 = Uv(G1)|G1〉, and
|G1〉 = (Z¯c1···ck)(H⊗kI⊗n)(X¯c1···ck)(|+〉⊗k|0 · · · 0〉C1L ). (39)
Note that Z¯j used in Eq. (38) is the logical Z operator for the graph code CG2 , and the
other logical X or Z operators mentioned in this section are for CG1 . The controlled logical
operations X¯c1···ck is a product of logical X operators X¯j conditioned on the measurement
outcome cj
X¯c1···ck =
∏
X¯
cj
j , (40)
and Z¯c1···ck is similarly defined, and the last controlled logical Z operators of Eq. (39) has to
be performed according to the measurement outcome.
On the surface, the readers may think that |c1 · · · ck〉C2L can be derived by applying a local
complementation transformation Uv(G1) directly to |c1 · · · ck〉C1L . Unfortunately, this is not
true. Let us suppose that k = 1. For Uv(G1)|0〉C1L = |0〉C2L , the following equation has to hold
true, (I + Z¯
2
)
Uv(G1)(|0〉C1L + |1〉C1L ) = Uv(G1)|0〉C1L , (41)
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where
|0〉C1L =
(I + Z¯
2
)
(|0〉C1L + |1〉C1L ). (42)
But, it is not because Z¯ and Uv(G1) do not mutually commute in general. To conclude,
a local complementation transformation between logical qubits has to be done by a local
complementation between the graph states |G1〉 and |G2〉 as described in Eq. (31).
5 How to find stabilizer group of a graph code
As indicated in Refs. [10, 11], a graph code has an advantage of simplification in checking
the error-correcting capability for a certain quantum error, however its utilization for a fault
tolerant quantum computing seems awkward because to date a graph code has not almost
been described by using the standard stabilizer formalism. For a variety of reasons, we believe
that it is necessary to represent a graph code with the stabilizer formalism [14]. In this section,
we discuss about how to find stabilizer generators of a graph code.
For the sake of easy understanding, we first discuss the case k = 1. Given a normal graph
G, one can easily find a stabilizer group S|G〉 of the graph state |G〉, which is generated by
the stabilizer generators Kj over j = 1 ∼ n described in Eq. (1). Since an extended graph for
a graph code can be derived from the normal graph, the logical Z operator of the graph code
CG, which is defined by the matrix B, also can be found by following Eq. (17)
Suppose that a stabilizer group SC of a graph code CG is generated by a set of r stabilizer
generators, SC = 〈g1, · · · , gr〉 where r = n− k. One can find r stabilizer generators by using
the following three facts. First, a stabilizer of the graph code CG also stabilizes the graph
state |G〉,
U |G〉 = U |0〉L + U |1〉L = |0〉L + |1〉L = |G〉, (43)
where U ∈ SC . Second, the logical Z operator Z¯ of CG does not belong to the stabilizer
group S|G〉 of the graph state |G〉, that is, there exist several graph state stabilizers Kjs such
that {Z¯,Kj} = 0. Third, Z¯ that belongs to a normalizer of CG commutes with a stabilizer
generator of CG, [Z¯, gj] = 0.
Suppose that a weight of Z¯ is w, where a weight of an n-qubit Pauli operator is defined as
the number of non-identity single qubit Pauli operators involved in the operator. To find sta-
bilizer generators of CG, one first needs to divide the stabilizer generators K = {K1, · · · ,Kn}
of the graph state |G〉 into two sets K1 and K2 defined as
K1 = {M |[M, Z¯] = 0, where M ∈ K}
K2 = {N |{N, Z¯} = 0, where N ∈ K} . (44)
From the definitions of Kj and Z¯, the orders of both sets are respectively |K1| = n− w and
|K2| = w. By the above-mentioned third fact, all elements of the set K1 belong to SC . In
addition, Kj is linearly independent, the elements of K
1 can become stabilizer generators.
One thus has found n− w stabilizer generators.
The remaining w − k generators can be obtained by exploiting the following the relation,
n-qubit Pauli operators A and BC mutually commute even when {A,B} = {A,C} = 0,
ABC = −BAC = BCA. (45)
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Therefore, some multiplication products of even elements in K2 are commuting with Z¯.
Among them, finding w − k linearly independent elements completes the stabilizer group
SC of the graph code CG. When k = 1, this process is very straightforward: pick a pivot
element Np randomly and make a multiplication product of Np and Nj, Np ·Nj for j = 1 ∼ w
and j 6= p.
As an example, let us show how to find stabilizer generators of the graph code associated
with the graph R5. The stabilizer generators of the graph state are as follows,
K =


X Z I I Z
Z X Z I I
I Z X Z I
I I Z X Z
Z I I Z X

 . (46)
As shown in section 2.2, for R5, B = (1 1 1 1 1), and therefore the set K
1 is an empty set
because Z¯ = ZZZZZ. Then, one has to find all stabilizer generators from multiplication
products of even elements from K2. By picking K1 = XZIIZ as a pivot, we can find the
stabilizer generators by making a product K1 ·Kj for j = 2 ∼ 5 as
G =


Y Y Z I Z
X I X Z Z
X Z Z X I
Y Z I Z Y

 . (47)
Even though we have not explicitly mentioned in this paper, the graph R5 of Fig. 1 (a) is
a graph realization of the well-known [[5, 1, 3]] stabilizer code [10] defined by the following
stabilizer generators
G[[5,1,3]] =


X Z Z X I
I X Z Z X
X I X Z Z
Z X I X Z

 . (48)
The readers easily can see that these standard stabilizer generators are equivalent with those
we found above.
In the original work of a graph code [10, 11], how to correct errors with a graph code
was not explicitly described. From now on, one can perform a syndrome measurement for a
passive quantum error correction. As an example, in case of the graph code by R5, when the
error “IIXII” is occurred, one obtains the error syndrome (−1,+1,−1,+1).
When k > 1, one can find n − k stabilizer generators of a graph code by iterating the
above-mentioned process k times. In the (j + 1)-th iteration, one can obtain n − (j + 1)
operators those are commutable with the logical Z operator Z¯j+1 from the n − j operators
obtained in the j-th iteration. For example, a 4-node tree T4 shown in Fig. 5 is a graph for
the [[4, 2, 2]] code [18]c. The adjacency matrix of this graph and the stabilizer generators of
the graph state by this graph are respectively
Γ(T4) =


0 1 1 1
1 0 0 0
1 0 0 0
1 0 0 0

 and G =


X Z Z Z
Z X I I
Z I X I
Z I I X

 . (49)
cThis is a normal graph that consists of only 4 physical output nodes unlike the graph shown in Ref. [18].
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(1) (4)(3)
(2)
Fig. 5. A tree graph of length 4. This graph shows only physical output qubits of the [[4, 2, 2]]
graph code.
One can find there is a matrix B of size 2× 4 such that B · Γ(T4) = 0, where each row vector
is linearly independent,
B =
(
0 1 1 0
0 0 1 1
)
, (50)
and the logical Z operators Z¯i of the associated graph code, those are related to B, are Z¯1 =
IZZI and Z¯2 = IIZZ. First, one picks 3 commutable operators {XZZZ, ZIIX, IXXI}
commuting with Z¯1 by the above-mentioned procedure, and then for Z¯2, one obtains 2 com-
mutable operators XZZZ and ZXXX . These last 2 operators are locally equivalent with
the stabilizer generators of the [[4, 2, 2]] code described as follows
G[[4,2,2]] =
(
X X X X
Z Z Z Z
)
. (51)
A stabilizer group SC of a graph code CG stabilizes a graph state |G〉, and therefore SC
corresponds to a subgroup of the stabilizer group S|G〉 of |G〉, SC ⊂ S|G〉. Logical X operators
X¯ of CG also stabilize the graph state X¯(|0〉L + |1〉L) = (|1〉L + |0〉L), that is X¯ ∈ S|G〉. By
considering the fact that the dimensions of SC and S|G〉 respectively are 2n−k and 2n, and
the dimension of a group GX¯ generated by X¯s is 2
k, we can say that S|G〉 is equivalent with
a product of SC and GX¯ ,
S|G〉 ≡ (SC , GX¯). (52)
Note that after the first submission of this work, we recognized that the stabilizer group
of a graph code is described in Refs. [11, 12]. The resulting stabilizer groups by our method
and their description are the same, but the principles of both are different as follows. Our
method makes use of the relation between stabilizers of a graph code/state and the logical Z
operators of the graph code. On the other hand, they apply the adjacency matrix of a normal
graph to the images of the matrix B, (k|Γ(G) · k), where B · k = 0.
6 Conclusion
We have investigated a relation between a graph state and a graph code, both are defined
by the same graph. A graph state is a superposition of logical qubits of the related graph
code, and a logical qubit of the graph code can be obtained by performing a projection to the
graph state. By using this relation, we have first argued that a special local Clifford operation
acting on a graph state can be useful for searching locally equivalent stabilizer codes. It is
well known that a stabilizer code is transformed into a graph state (or a graph code) by local
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Clifford operations. An application of the local Clifford operations transforms a graph state
into another locally equivalent graph state, and the resulting graph state is projected to a
logical qubit of the related graph code. We will give details of this sketch in a forthcoming
paper.
Second, we have provided a method to find stabilizer generators of a graph code. To date,
a graph code has not been described by a standard stabilizer formalism based on a Pauli
group (or equivalently symplectic group), and therefore it has not been considered for a fault
tolerant quantum computing. Now, we believe that a graph code can make a greater role in
a fault tolerant quantum computing than ever.
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